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Steady-state and time-domain methods are introduced for integrating commonly used frequency-domain
unsteady aerodynamic modeling based on a modal approach with full-order finite element models for structures with
geometric nonlinearities. The methods are aimed at airplane configurations in which geometric-stiffness effects are
important but deformations are moderate, flow is attached, and linear unsteady aerodynamic modeling is adequate,
such as joined-wing and strut-braced wings at small-to-moderate angles of attack or a low-aspect-ratio wing. The
approach proposed in this paper is to use the full-order structural matrices to capture the nonlinear structural
behavior and modally reduced aerodynamic matrices calculated by adopting a frequency-domain-based commercial
code such as ZAERO or a doublet-lattice method or linearized modal-based generalized aerodynamic matrices

generated by computational fluid dynamics codes.

1. Introduction

LTHOUGH addressed rigorously for years in helicopter rotor

aeroelasticity, structural nonlinearity due to large deformation
and geometric-stiffness effects was not considered to be a major
factor in the aeroelasticity of conventional fixed-wing configura-
tions. Using nonlinear-beam models, the aeroelasticity of geometri-
cally nonlinear high-aspect-ratio configurations was studied in
the 1970s and 1980s, focusing on gliders and human-powered
vehicles [1-3].

With the subsequent appearance of high-altitude long-endurance
unmanned aerial vehicles, renewed interest in the nonlinear
aeroelastic effects of large deformation led to additional research
based on the coupling of nonlinear-beam models with essentially 2-D
unsteady aerodynamics, suitable for the modeling of configurations
of very high aspect ratios [4—10].

Other configurations affected structurally by geometric nonlinear
behavior also emerged: more recently, the strut-braced wing [11-13]
and, earlier, the joined-wing configuration [14-20].

Interest in aeroelastic limit cycle oscillation (LCO) behavior, with
an initial focus on the contribution of control-surface free play and
the behavior of thin fighter wings carrying external stores, led to a
search for other possible structural nonlinearities that may cause
LCO, such as the stiffening of plate structures subject to large
deformation. Theoretical and experimental studies of platelike and
beamlike wings with geometric structural nonlinearity [21-24] have
indeed confirmed the importance of understanding when structural
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geometric nonlinear effects become aeroelastically important and
accounting for them.

Most of the nonlinear aeroelastic modeling work done to date in
the structural area was based on nonlinear-beam or Ritz-plate models
to account for large deformations. These models are very useful for
modeling simple wind-tunnel models or very-high-aspect-ratio
wings, but they cannot be used to model general configurations, and
their major limitation is their inability to capture local effects. Such
local effects include the behavior at and around joints and the
calculation of reliable stress information, especially in areas of high
stress concentration. Nonlinear finite elements can allow capturing
such local effects and modeling of general configurations at
complexity levels that can represent real airplanes. But in the very
few cases in which nonlinear finite elements were used to model a
geometrically nonlinear structure, they were coupled with
computational fluid dynamics (CFD) models for the flow. This
was done for static aeroelastic modeling using sequential application
of nonlinear structural and CFD models. Capabilities that couple
nonlinear finite elements in an integrated manner with steady and
unsteady CFD aerodynamics already exist [25,26], but they require a
lengthy model setup and meshing process as well as considerable
computational resources.

Because time-domain modeling is required for capturing both
stability and dynamic response behavior (especially gust response)
of nonlinear aeroelastic systems, appropriate unsteady aerodynamic
modeling also becomes a challenge. In the case of high-aspect-ratio
configurations and structural geometric nonlinearity, as stated
before, 2-D linear potential unsteady aerodynamic models in the time
domain are used with considerable success to capture aeroelastic
behavior in subsonic flow [27]. Such models can be used to also
model dynamic-stall effects [28]. For low-aspect-ratio wings, for
which deformation is small enough that the unsteady aerodynamic
loads are linear but large enough to cause structural geometric
nonlinearity, dedicated time-marching vortex-lattice models proved
to be adequate [22-24]. These dedicated time-marching vortex-
lattice models are limited to planar configurations of simple
planforms and to incompressible flow.

Linear compressible unsteady aerodynamic theory, the foundation
of aeroelastic analysis and clearance of all flight vehicles flying
today, has not been used so far for the aeroelastic modeling of
structurally nonlinear airplanes. Computer capabilities such as the
doublet-lattice-method (DLM) codes [29-38], PANAIR [39],
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ZAERO [40-42], and other linear potential aecrodynamic codes are
used and are still being used successfully in aeroelastic analyses of
flight vehicles over a wide range of flight conditions. These codes can
be used to model general three-dimensional configurations made of
lifting surfaces, control surfaces, fuselages, nacelles, external stores,
etc. One problem is that they are based on a frequency-domain
formulation, in which unsteady aerodynamic-force terms are
calculated for simple harmonic motion at given reduced frequencies.
These need to be transformed to the time domain for integration with
time-domain nonlinear structural models. But the main problem with
the use of linear unsteady aerodynamic codes for the aeroelastic
modeling of structures with geometric nonlinearities is that they are
tailored for a modal approach. That is, these codes produce
generalized unsteady aerodynamic-force terms for a set of mode
shapes of motion given as input.

In a modern modal approach, the detailed finite element model of a
structural dynamics system is reduced in order by describing the
motion using a superposition of mode-shape vectors. The problem
with this approach in the case of geometrically nonlinear structures,
or any structural system for that matter, is that when local effects
become important and unpredictably spread, the modal approach
usually fails. Successful modal-order reduction of structural models
in the linear case can be achieved in the case of strong local effects
when the location of these effects is known a priori; the structural
nonlinear case, however, is different. Because of the dependence of
geometric-stiffness matrices on stress distributions and because of
the large changes such stress distributions can portray as loading
increases and the structure approaches instability, modal-order
reduction tends to fail when used to reduce the order of general
structures undergoing large deformation. The case of the joined-
wing configuration is even more severe. Concentrated loads
transferred through the joint connecting the main wing and the rear
wing attached to it affect stress distributions around the joint area.
The structural dynamics of the configuration are extremely sensitive
to the location and details of the joint design. Studies of the nonlinear
structural dynamics of this configuration using a number of modal-
order-reduction approaches showed failure of all those approaches to
yield accurate reduced-order structural dynamics models capable of
capturing both displacement and stress behavior [43].

Both joined-wing and strut-braced wing configurations display
strong geometrically nonlinear structural dynamics behavior, even
without the large deformation typical in high-altitude long-endurance
(HALE) vehicle wings. For attached-flow conditions that are typical
of high-dynamic-pressure straight and level or maneuvering flight,
the unsteady aerodynamics of such configurations are expected to be

Nonlinear finite element method
structural code (e.g., NASTRAN)

Full-order model

properly modeled by potential linear unsteady aerodynamic
methods: the same methods used for the aeroelastic simulation of
conventional configurations in compressible subsonic and super-
sonic flows. It is then important to develop the capability to simulate
aeroelastic structurally nonlinear configurations of flight vehicles
using an integration of nonlinear structural finite element models in
full order (to avoid the difficulties with modal reduction in this case)
with the standard linear modally based unsteady aerodynamic
models, which can be used to model general configurations and for
which significant experience exists.

The present paper will present such a modeling capability for
investigating nonlinear aeroelastic problems of planar and nonplanar
wing systems in general and of joined-wing configurations in
particular. Integration of the nonlinear structural finite element (FE)
capability with linear steady and linearized unsteady aerodynamic
models will be discussed, as well as static and dynamic aeroelastic
solution techniques. The conceptual description of the proposed
procedure is shown in Fig. 1.

Studies in which coupling of full-order nonlinear finite element
models with generalized aerodynamic-force models was compared
with coupling of full-order nonlinear finite element models with full-
order aerodynamic panel methods have been presented [44] before,
with focus on the steady case; that formulation has now been revised
and modified and it is extended here to the unsteady cases. In
particular, generalized aerodynamic-force matrices produced by
standard linear unsteady aerodynamic codes are transformed to the
time domain and used with full-order structurally nonlinear finite
element models to simulate time-dependent nonlinear aeroelastic
behavior.

II. Terminology

The two quantities of displacement vector and cumulative-
displacement vector will be used in both static and dynamic cases.
They are introduced here for the steady case first, for the sake of
simplicity. The displacement vector u¥*P**™ i referred to the
configuration at the beginning of the current iteration n of load step A
in the Newton—Raphson procedure. The vector that contains the
coordinates of all the structural nodes of the wing system will be
xsepritern The coordinates are relative to the configuration before the
displacement vector is added. We will use an updated Lagrangian
formulation [45—47], and so the coordinates of the nodes will be
continuously updated during the iteration process.

The quantity x*=° represents the coordinate vector of all structural
nodes at a reference aerodynamic configuration with no angle of

Linear unsteady frequency-domain
aerodynamic panel code
(e.g., DLM or ZAERO)

Reduced-order model

Proposed approach
presented in this work

Nonlinear aeroelastic time
domain simulations of planar or
nonplanar wing configurations

Subcritical and postflutter cases
can be analyzed

Excellent numerical performances
for HALE, joined wings, and high-
aspect-ratio-wing configurations
The difficulties related to the

order reduction of geometrically
nonlinear structural systems are

Fig. 1 Proposed approach for nonlinear aeroelastic time-domain simulations.
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attack. Aerodynamic panels are defined based on the geometry of
that reference configuration, and structural motion away from the
reference configuration is small.

The concept of cumulative-displacement vector is also introduced.
This quantity (indicated in the steady case with the symbol UstPhitern)
is defined as the summation of all the displacements that have
occurred during the iteration process up to the current iteration.
Basically, the coordinates at a particular load level are obtained by
adding the vector of the coordinates in the undeformed configuration
(x*=9) to the translational part of all the displacements that the
structure was subjected to during all of the previous load levels.

III. Present Doublet-Lattice Method

The doublet-lattice method is a very well-established procedure
for the calculation of linear unsteady aerodynamic matrices in
subsonic compressible flow [29-38]. In the present paper, a
dedicated doublet-lattice code is developed. The approach is similar
to that introduced by Sulaeman [13,37] to model the aerodynamic
behavior at joined-wing joint areas. Basically, the unsteady
aerodynamic kernel [48-50] is integrated using a Gaussian
quadrature formula. To perform the calculation of the complicate
kernels (expressed in Landhal’s [49] form), Ueda’s [51] formulas are
adopted. A special procedure, similar to that introduced by Sulaeman
[13]is used to isolate the singular part, and the integrals defined in the
Hadamard finite-part sense [32,53] are analytically calculated. The
use of the Gaussian quadrature formula allows the user to integrate
the kernel with high accuracy. Therefore, the quality of the result is
good, even for the steady case, and the use of a vortex-lattice
approach (the typical approach used in the literature [32] when the
steady case is studied with DLM) is not necessary. Validation of the
present doublet-lattice code is done by comparing the results using
different wing configurations reported in the literature
lattice approach was used.

It should be noted here that the proposed method will also work,
after adaptation of proper aeromesh to structural mesh trans-
formations, with linearized modal-based unsteady aerodynamic
matrices created by CFD methods about reference configurations.

IV. Nonlinear Structural Model

The geometrically nonlinear structural model for thin-walled
aerospace structures is created using flat triangular elements [45-47].
The tangent stiffness matrix is built adding the linear elastic stiffness
matrix and the geometric-stiffness matrix. The geometric-stiffness
matrix is derived by applying the load perturbation method: the
gradient (with respect to the coordinates) of the nodal force vector
(when the stresses are considered fixed) is calculated. The geometric-
stiffness matrix is calculated adding 4 matrices [45—47]:

[Ke el = [Kelmem + [Kelp' + [Kglmem + [KgPa (D)

The matrix [K&]™, representing the in-plane contribution of the
plane-stress constant-strain triangular element, is obtained by taking
the gradient of the nodal forces. The matrix [K& s, representing the
in-plane contribution of the flat-triangular-plate bending element, is
calculated using a similar approach applied to the triangular element
based on the discrete Kirchoff theory. The matrix [K§|ms™,
representing the out-of-plane contribution of the membrane, is
calculated considering the change of a vector force that is subjected
to a small rigid rotation vector @. A similar approach is adopted to
calculate the matrix [K%]P®, which represents the out-of-plane
contribution of the plate. A particular procedure [45] is then used to
remove the rigid-body motion and calculate the unbalanced load as
the analysis (Newton—Raphson) progresses.

V. Mesh-to-Mesh Transformations:
Deformation Splining
A. Steady-Case Vortex-Lattice and Doublet-Lattice Methods

For linear potential steady and unsteady aerodynamics used in
fixed-wing airplane aeroelasticity, only the component perpendic-
ular to the surfaces is important. The aerodynamic modeling used
here is based on aerodynamic reference surfaces with initial angles of
attack that are zero, but with possibly nonzero dihedral angles. This is
consistent with unsteady-aerodynamic-kernel function definitions
used in lifting-surface theories.

The local x axis of an aerodynamic lifting surface is always the
global x-axis direction of the flow. Each aerodynamic reference
surface is divided into strips of panels. Low-order modeling is used,
in which each panel has a load point and a control point. The DLM
and vortex-lattice method (VLM) [56,57] use the same downwash
and load points.

Let the 4 nodes that define a generic aerodynamic reference
surface (denoted as a macropanel or wing segment) be denoted as 15,
25, 3%, and 4 (see Fig. 2). These points are chosen using the
following rules:

¥>x  x>x 2)

We start with the steady case, in which the load is increased gradually
and a Newton—Raphson [58] procedure is used. A new incremental
displacement vector uPA™ is sought, which is referred to the
deformed configuration x¥¢P*™ reached in the previous iteration.

The wing system is divided into large trapezoidal aerodynamic
reference surfaces. Each aerodynamic reference surface has to be
associated with nodes on the structural mesh that affect its motion.
That is done by referring both aerodynamic and structural nodes to
the reference configuration and identifying the structural nodes
associated with each wing segment.

IS is the matrix that transforms the incremental displacements in
global coordinates u¥*P** to the displacements of the only
structural nodes on aerodynamic surface S. This matrix is not
affected by the actual value of the displacements and depends on the
identities of the nodes included in wing segment S; thus, this matrix is
constant. The matrix IS extracts the translational displacements on
wing segment S; again, it is constant.

Using these two matrices, it is possible to express the translational

. SstepAit . .
displacement vector u,; """ (expressed in global coordinates) as
follows:

Sstephitern __ s S tepAit
u’ —IdI . yStephitern 3)

The vector u**P*®" contains all incremental displacements and node
rotations of all nodes on the structures (i.e., all wing segments are
included) referred to the deformation configuration x*°P*e The
displacement vector #*P*" hag 6N, components, where N,, is the
number of all structural nodes in the model. The vector """ has
a dimension of 3NS x 1, where N3 is the number of structural nodes
on aerodynamic surface S that is being considered. The matrix IS
thus has the dimensions 6N5 x 6N,,, and the matrix IS has the
dimensions 3N5 x 6N3.

Fig. 2 Local coordinate system on an aerodynamic reference surface
(which does not have an angle of attack).
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At this point, we introduce the augmented-configuration nodal-
coordinate vector x*¢P*™ which is obtained by adding zero rows in
places corresponding to rotational structural finite element degrees of
freedom to the vector x8PHe™ which contains the coordinates of the
nodes of all wing systems. Thus, ¥**P**" can be formally treated as a
finite element deformation vector, with 6 degrees of freedom
associated with each node. The nodal-coordinate location vector of
structural nodes included in wing surface S is then given by a relation
that is identical to Eq. (3):

xSstethern — 15 . IS . istepkitern (4)

The matrices IS and I are constant for the whole process.

The coordinates of the final location of structural nodes included in
wing segment S are denoted as X*¥P*™ and they are obtained by
adding the coordinates of the nodes included in wing segment S with
the translational displacements of the same nodes; these two
quantities are calculated using Egs. (3) and (4). The explicit form of
the vector of nodal coordinates after the current iteration of a generic
load step is completed is

XSatep)Litern — I‘; IS Xf.step)»ilern + 13‘ IS us(ep)»ilern (5)

To carry out splining transformation of motions from the structural to
the aerodynamic mesh, structural and aerodynamic nodes are
referred to the reference configuration, and it is necessary to define a
coordinate system on the reference wing surface S (see Fig. 2). The
vectors i3, j*,and kS are expressed in the global coordinate system as

' =ejji +ehj+ ek
JS=e3i+ e+ ek (6)

kS = efi + e3,j + ek

Therefore, itis possible to define a3 x 3 matrix e’ thatis a coordinate
transformation matrix from global to local coordinates. This matrix
contains the direction cosines [see Eq. (6)].

The global coordinates of points 25 on the reference surface S are
denoted as x,s, y,s, and z,s. The coordinates of each of the points on
the wing segment S expressed in the local coordinate system are
determined by subtracting the global coordinates of the point 25 and
multiplying the result by the matrix 5. We introduce the vector x,s
(which has the dimensions 3N3 x 1),

X s = [xzs Yos o Xos Yos oS ]T (7)
and the matrix ES, which is ablock diagonal matrix, where the matrix
&3 is repeated for all the structural nodes of each wing segment. The
coordinates of the structural points on wing segment S can be
expressed in the local coordinate system as (note that the dimension
of ES is 3NS x 3N%)

SstepAitern __ yas SstepAitern — RS S . JS . ystephitern
XS s [yssephitem _ ] = ES . [I5. IS - goep

+ 13 IS ustepkitern _ xzs] (8)

At this point, the dihedral angle of the reference surface S is
calculated. All panels of this surface will have the same dihedral
angle. The dihedral is important because it is used in the expressions
of the unsteady kernel in the doublet-lattice method [49].

We need to calculate the corresponding final coordinates of the
load points to know the coordinates of points at which the
aerodynamic forces are applied: perpendicular to the reference
surface and so in the local z direction. Local coordinates and slopes of
the aerodynamic control points are also needed. All of these
interpolations are performed by using the infinite plate spline method
[42,59]. To calculate the aerodynamic incidence in each panel of the
wing surface S, it is necessary to calculate the derivative of the
configuration and deformation shapes with respect to the local x axis
x5 (see Fig. 2). To do that, the local coordinates Z:>Y'™" in the 7
direction are isolated. Calling I the constant matrix, which allows
extraction of the z5 component (the dimension of that matrix is

N3 x 3N3), it is possible to write [see Eq. (8)]

Sstephitern __ g§ Sstephitern __ g8 S S S ., pstephitern
Zloc _IZ'Xloc _IZE [IdI "X

+ Iﬁ IS _ustepkitern _ xzs] (9)

Using the fitted-surface spline shape, it is possible to calculate the
derivatives of such shape and the associated local angle of attack.
Suppose that the ith structural point on wing segment S is considered.
The local z coordinate of the point i will be Z5 ., where the
superscript stepAitern is dropped for simplicity in the equations (it
will be reinstated later):

Zioe = Zitoe Kioes Vitoe) (10)

Again, it has to be clear that x5 _ and y3 _ are the local coordinates of
the point i at which the local z coordinate Z3 . is considered. We
make the assumption that the displacements are not very large, and so
the aerodynamic linear theory holds. Also under this assumption, it is
reasonable to consider the local in-plane coordinates of the nodes, the
load points, and the control points of a generic wing segment as being
constant. Only the out-of-plane local displacement will change
during the iteration process. With this hypothesis, all the splining
matrices are constant and they can be calculated once.

For each structural point i of wing segment S, the corresponding
Z3 o (X300 Y5oe) 1s written as

Ny
Z?ioc = (lg + afxﬁoc + agyﬁoc + Z F}S (r?jloc)2 V“'(r?jloc)z an

j=1
where
S 2 (S S )2 S S )2
rijloc) - ('xiloc - le()c) + (yilnc - yjl(yc) (12)

Equation (L1) can be rewritten introducing the matrix K*, which is
defined as

K;S; = (rf/'l()c)z (’"/(rfjloc)z (13)
Thus,

Ny
S (S S Y — S 5.8 5,8 S S
Zijoc Kilocs Yitoe) = dg + @1 Xjjoe + a3Vi0c + E FiKj; 14
=1

setting (note that Z3* is coincident with Z; _ except for the fact that
three rows of zeros are added)
T
Zigo*c = [O 0 0 Zfloc Zigloc Zi%gloc Ziﬁloc :|
e s s s r (s)
pS:[ S af a8 FSOFS OFS .. FISVS]
and defining
0 RS
s —

Based on the spline formulation (details are omitted here, but can be
found in the literature [42,59]),
VA Sx

5+ = G5FS (17)
Note that RS has the dimensions 3 x N5, K5 has the dimensions
N5 x N5, FS has the dimensions (3 + N3) x 1, and G° has the
dimensions (3 + N3) x (3 + N3). Inverting the relation expressed
by Eq. (17), itis possible to find the N3 + 3 unknowns represented by
the components of the vector FS:

FS — [GS]—IZst

mloc

18)

The coefficients that have to be used for the spline are now known.
The wall tangency condition (WTC) is enforced at the
aerodynamic control points. Let the local coordinates (in the
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reference plane) of the ith control point be indicated with X%, and
V3. The coordinate Z3 . in the direction of z5 of the ith control

point will be calculated using the equation of the spline:
Ny
Zﬁoc(Xﬁoc’ yﬁnc) = ag + anﬁoc + agyﬁoc + Z F}SIC;SJ (19)
Jj=1

where

K3 = (R0 ta(Rfy,)? (20)

ijloc
and
(,R'f/'loc)2 = (Xﬁoc - x_floc)z + (y;'gloc - y_%oc)2 2D

The number of control points is the same as the number of
aerodynamic panels N°. To impose the boundary conditions, the
derivatives with respect to x° are required. In reality, there is no
difference between x and x°, because the reference surfaces do not
have angles of attack; however, we keep here the notation x5 to
designate that the local coordinate system of wing segment S is
considered (see Fig. 3). Therefore, it is necessary to differentiate the
spline equation with respect to x5 and to calculate the result in the
local coordinates of the control points. The vector dZJ /dx$
contains the slopes of the control points. DS is a matrix that, when
multiplied by the vector containing the coefficients of the spline,
gives the vector dZ,_/dxS. The explicit form of this matrix is not
listed here and is straightforward to obtain. Using these definitions,
the slopes can be written as functions of the coefficients of the spline
fit:

42 _ psps 22)

dx$

Note that dZ5_/dx® has the dimensions N5 x 1, and DS has the
dimensions N® x (N3 + 3). Using Eq. (18), Eq. (22) can be written
as

azs —1 775+

T =DF =DCTZ; (23)
Observing that the first three rows of Z{ are zeros, it is possible to
eliminate the first three columns of the matrix [GS]~! without
changing the result. Defining S5 (the matrix [G5]~! with the first three
columns eliminated) and defining Z; . (the vector Z* without the

loc loc
first three rows), Eq. (23) can be rewritten as

s

_ddlesoc = DSSSZS, (24)
Note that $5 has the dimensions (N3 + 3) x N3, and Z$ _ has the
dimensions N3 x 1. Using Eq. (9), Eq. (24) can be written as (at this
point, we reinstate the superscript stepAitern dropped earlier)

dZSsleritern

lzxs — DSSSI:EES[Iz . IS . fstepkitern
+ I; IS uslep)»itern _ xzs] (25)

We now observe that the slope of a deformed configuration is not
dependent on the actual position of the origin of local coordinate
system. So the only possibility to have independence is if

DSSSISESxys =0 (26)
Therefore, Eq. (25) is simplified as

SstepAitern
dZ. — DSSSISES 15 IS [jstepxitern + ustepxitem] Q7
dx’ :

Introducing the definition
af§=SSEESIEIS (28)
we get

d ZSslepAilern . )
loc 5 — Dsag[jstep)\nem + ustep)\ltem] (29)
dx

This formula relates the slope of all the control points of all panels of
wing surface S to the augmented-coordinate vector at the beginning
of the current iteration in the Newton—Raphson procedure. Also, the
slopes are related to the unknown vector of displacements zsP*te”
This last term will be used to generate the aerodynamic tangent
matrix for the steady case. Equation (29) can be written for all wing
segments and so an assembly procedure is required to have all the
local slopes of all the panels of the entire wing system as a function of
the augmented-coordinate vector and displacement vector of the full
structural finite element model.

B. Unsteady Case (Doublet-Lattice Method)

When the unsteady case is considered, a known set of motion
shapes is considered as generalized motions for unsteady

Actual shape n;

Reference

configuration

Element i

-

P = Control point (where the WTC is imposed)

Veo P}, = Load point (where the pressure is applied)

Fig. 3 Meaning of dZ} _/dx’ for wing surface S.
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aerodynamic generalized force generation. Let ®,, be one generic
shape of the set. The equivalent of Eq. (29) is
dzs

5= =D + @, (30)

The generic shape ®,, is referred to the reference configuration.
When ®,, = 0, the reference configuration is obtained. Considering
the fact that in the reference configuration we do not have slopes in
the local coordinate system (there is no angle of attack), it can be
deduced that D¥a$x*=" = 0. Equation (30) is then
s
P — Diaje, (31)
dx® ’

In the unsteady case, we also need the vector 25, . and not only its

derivative given in Eq. (31), to impose the unsteady wall boundary
conditions at the control points. Again using the splines, we can
demonstrate the following formula:

z N

mloc

=DSSI5-ES-[I35- 15 -3+ I5- I5- ®,, — x,5] (32)

If the shape is exactly coincident with the reference configuration
(i.e., ®,, = 0), then the local z coordinates are exactly zeros. Thus, it
can be deduced [see Eq. (32)] that

DS*SSIS-ES-[IS - IS - 370 — x5] = 0 (33)
Using this finding, Eq. (32) is simplified as
zs

mloc

=DSSIS-ES-I5-15- 9, (34)
or

ZS

mloc

= Ds*ag : q’m (35)

In the calculation of the generalized aerodynamic matrices, it is
required to also transform loads at aerodynamic load points to nodes
on the structural grid. Using a procedure formally identical to that
used to obtain Eq. (35), it is possible to demonstrate that

5 =Sk

Z;S;zloc =D a§ @, (36)
where D** has a formal expression identical to D%*. The only
difference is that the local coordinates of the load points are
considered instead of the local coordinates of the control points.

C. Boundary Conditions Using the Doublet-Lattice Method

Under the assumption of simple harmonic motion, it is possible to
demonstrate that the vector that contains the normalized (using the
velocity V) normal wash of all panels included in wing surface S
has the following expression (the boundary condition is enforced on
all control points of wing surface S):

. w azfn oC . y azfn 0C
wy = v Z e + axsl = jkZ5e + axSl @7
o0

In the previous equation, all the vector quantities have to be
understood as vectors of amplitudes of harmonic motion, where £ is
defined as the ratio w/V (it is the reduced frequency k* divided by
the reference chord).

D. Assembling the Matrices Used for Mesh-to-Mesh
Transformations

The aerodynamic panels are numbered to have the first N! panels
of surface 1 and then the second N? panels of surface 2, and so forth.
The assembly process is simple and all the prescribed values of the
normal wash of all panels can be calculated and later equated to the
values obtained by integrating the unsteady kernel. The assembly
process is carried out by calculating all the products (for all wing
segments) DSa3, D5* a3, and D**a$ and observing that each
aerodynamic panel can be included in only one trapezoidal wing

segment. This means that two different wing segments do not share
aerodynamic panels.

After the assembly, at the wing-system level, Eqgs. (29), (31), (35),
and (36)* are written as

dzlstep)»itern _ ) )
oc = A stephitern stephitern
T 3[x +u ]
dz,,
Tmot — A, - P
dx 3 m
Zmloc = A’: : <I)m
zmloc = A; . <I)m (38)

The vector that contains the normalized normal wash of all panels of
all wing systems is

dz mloc

W, =jkzmloc + dx

(39)

VI. Full-Order Steady Aerodynamic Forces

When geometric nonlinearities are included, computation of the
steady-state aeroelastic response has to be done incrementally. If a
single aerodynamic-influence-coefficient matrix for aerodynamics
corresponding to a constant Mach number is to be used, then this can
be done by starting a reference configuration at a zero angle of attack
and gradually increasing its angle of attack or by starting at a low
dynamic pressure at constant Mach number and gradually increasing
the dynamic pressure. Gradual increase of dynamic pressure at
constant altitude by using a sequence of aerodynamic-influence-
coefficient matrices at different Mach numbers is also possible.

Because of an initial focus on low-speed cases in this paper,
aerodynamics at a Mach number of zero is assumed for all the load
steps. Ateach load step, the pressure is incremented. At the final load
step, the dynamic pressure will have reached its final value.

The formulation presented here covers both the vortex-lattice and
doublet-lattice methods. A note on the DLM capability used hereis in
order. This capability integrates the unsteady kernel using Ueda’s
[13,37,51] formulas and a Gaussian quadrature formula. Because of
this, it is not necessary to subtract the steady part of the kernel and use
a vortex-lattice formulation for the steady case, as was done with the
commonly used doublet-lattice codes [32].

The singularity of the kernel is handled by calculating the integrals
analytically when the receiving panel is behind the sending panel
along the same strip of aerodynamic panels. The DLM capability
used here predicts the steady case well, with a formulation that is
accurate for both zero and nonzero reduced frequencies. Comparison
of results from the DLM capability used here and a conventional
VLM capability confirms this.

In the steady case, considering that the structure changes
configuration when it deforms, the boundary condition used for the
doublet-lattice (DL) formulation is [see Egs. (38) and (39)]

dzstep)»ilem

w stephitern loc

— Ag[istepkitem + ustep)\item] (40)
dx 3

where all the quantities are real numbers (steady case). The doublet-
lattice key equation for the steady case is

w stepAitern AD A psteplitern (41)

where AP is the aerodynamic-influence-coefficient matrix for the
aerodynamic panels (this matrix is calculated once using the
geometry of the aerodynamic reference configuration), and
ApsPritem s a vector that contains all the dimensionless pressure
loads on all aerodynamic panels.

For a generic panel, the aerodynamic force applied at the load
point of that panel is obtained by multiplying a fraction of the
dynamic pressure by some geometrical quantities of the panel and by

*Equation (29) is used in the steady case only.
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the dimensionless pressure load. (In the nonlinear steady analysis
reported here, the load is not applied at once, and load steps
correspond to a gradual increase in dynamic pressure.) Because this
applies to all the wing-system segments, the vector that contains the
scalar components of the aerodynamic forces of all the panels is
written as a product between the fraction of the dynamic pressure and
a matrix I, which depends on the planform geometry. This matrix
has to multiply the vector containing all the dimensionless pressure
loads; thus,

L stephitern ML fID . Apstepkitern (42)
Te!
where L, is the reference aerodynamic load. Its expression is
1 2
ref = N.

step

L (43)

where N, is the number of load steps. From Egs. (40) and (41), it is
possible to relate the vector containing dimensionless pressures to
the augmented-coordinate vector and displacement vector (the latter
is unknown):

Apslep)\ilern — [AD]—lwslepM[ern — [AD]flA%[islep)»ilern + uslep}»ilern]
(44)

The vector with the aerodynamic forces [Eq. (42)] is then
Lsevhiem — 7 [ [AP]L A [ttt | gstepiitern] 45)
With the help of the definition
¢ =1I,[AP]'A, (46)
we obtain
Lsevhtern — )1 Glgstephitern | gsephitern] 47)

The aerodynamic loads (forces) of Eq. (47) are applied at the load
points of the aerodynamic panels. They are transferred to the
structural nodes using the following procedure.

For all aerodynamic load points, the aerodynamic forces are
extracted from Eq. (47). Then the triangular structural finite element
that includes the load point of the generic aerodynamic panel is
found. The equivalent loads applied at the nodes of the triangular FE
element (which contains the load point) are obtained by using the
area coordinates [58]. Finally, an assembly procedure is required (a
node generally connects more FE elements). Note that some zero
rows in correspondence of the rotational degrees of freedom have to
be added. The vector of the aerodynamic forces applied at the
structural nodes is written as

L ?L'rcpmtcrn — )quefC(i'mprm + ustcp)dtcrn) (48)

where C is a constant matrix. Note also that K} = —XL,.C is the
aerodynamic tangent matrix.
It is convenient to write Eq. (48) in the form

stepAitern __ g stephitern stephitern

L str - LRHS + LLHS (49)
where
tepAity = i
L ;235 itern _ )LLrefostep)\nern (50)
stephitern __ stepAitern stepA - stepAitern
L ys = AL Cu™P = —Krperott™ P (63
stepAitern

The subscript LHS is used to point out that the term L ;¢ will go
to the left-hand side of the equation iteratively solved in the Newton—
Raphson procedure. If the vortex-lattice method is used, the final
expression [Eq. (48)] is formally identical. In both DLM and VLM
cases, the reference configuration is the one with no angle of attack.
This, in theory, is not required by the VLM, but it is used to keep the
same formalism valid for the DLM.

VII. Full-Order Steady Aerodynamic Forces Using the
Concept of a Cumulative-Displacement Vector

The aerodynamic forces can be written in a different form using
the concept of a cumulative-displacement vector. This equivalent
writing is used in the dynamic case and is therefore introduced here.
The steady aerodynamic loads can be written in a more elegant form
by considering that when « = 0 for all aerodynamic boxes, we do not
have aerodynamic loads, and so we can write

This term is zero

L i:iphtem — )\Lref (Cx—jslephtern —  Cxe=0 + Cuslepkltern) (52)
The coordinates at the beginning of the current iteration are the
summation of all translational displacements that occurred in all the
previous iterations and the coordinates of the nodes of the reference
configuration. The product between the aerodynamic matrix C and
the difference of the augmented-coordinate vector at the beginning of
the current iteration and the augmented-coordinate vector at the
reference configuration is equal to the product between the matrix C
and the cumulative-displacement vector UsP*ter("~1) 4t the end of the
previous iteration, because the local FE rotations at nodes do not
influence the aerodynamic loads. The following relation is valid:

istep)»item _ fa:() # Ustep)\iter(n—l) (53)

Because the FE rotations do not provide aerodynamic contribution, it
can be concluded that

Ci.stcp)nitcrn _ Ci(xzo — CUslcpMIcr(n—l) (54)
The aerodynamic loads can then be written as
L ::ipkitem — )\Lref(CUstepkiter(n—l) + Cuslep)»itern) (55)

which is a convenient form for application of the Newton—Raphson
method. Note that at the end of a particular iteration, the cumulative-
displacement vector is defined as the summation of all the
displacements of the previous iterations and the displacement of the
current iteration, and so the loads can be written in an even more
compact form. This, however, is not convenient in practice, because
we need to have a separate contribution in which the vector of the
current displacements appears to identify the aerodynamic tangent
matrix as the matrix that multiplies the unknown displacements:

L :::pkilem — ALrefCUstepAitern (56)

where USP*" ig the cumulative-displacement vector of the current
iteration, and it is obtained as

Ustepkitern — Ustepkiter(n—l) + ustep)»ilern (57)

A similar formula will be obtained in the dynamic case.
If the concept of cumulative displacement is used, then the right-
hand side (RHS) of the aerodynamic loads is written as

L ;t;pskitern — )\.Lre[CUsmpM‘ﬂ(n_l) (58)

VIII. Solution of the Nonlinear Steady-State Equations

Before the discussion of the Newton—Raphson solution procedure,
some terminology should be introduced. We define the tangent
matrix as the matrix that multiplies the unknown displacement
vector. Because in our case we have the coupling of aerodynamic and
structural mathematical models, we will have the aerodynamic
tangent matrix and the structural tangent matrix. The summation of
the two aforementioned matrices is the tangent matrix of the
aeroelastic system.

The wing is loaded by external aerodynamic loads, motion-
dependent aerodynamic loads, and other loads (indicated with P.,,),
such as the inertial loads. The Newton—Raphson solution procedure
used proceeds as follows: the reference aerodynamic pressure L . is
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first calculated, which is the increment in dynamic pressure from one
load step to another:

3PV

L ref — N
step

(59)

Anincrement of external concentrated loads can be similarly defined.
The reference magnitude P, of those loads will be

1
Po=— 60
ref Nstep ( )

where P, is a dimensionless number.

Note that because aerodynamic influence coefficients are
calculated for a configuration with zero angles of attack for all
aerodynamic boxes and because this is the geometry from which
motion starts, no motion-dependent aerodynamic loads appear
initially, and unless there is a nonaerodynamic external load, the
structure will not move. At the very first iteration of the Newton—
Raphson procedure, an initial angle-of-attack perturbation is
imposed:

xsleplilerl — xpert 75 xot=0 (61)

Considering this perturbation of the system, the cumulative-
displacement vector is initialized [see Eq. (34)]:

x stepliterl _ go=0 — 70 (62)

Mathematically, Eq. (62) is not correct [see Eq. (53)] and the RHS
and left-hand side (LHS) of the equation are not equivalent.
However, according to Eq. (54), when these quantities are multiplied
by the aerodynamic matrix, then the equivalence is correct. So the
initialization (62) can be done without introducing errors and with a
great simplification of the theory.

The applied nonaerodynamic loads (of the nonfollower force type)
are only step-dependent and they are calculated by using the
following expression:

PUP =k P+ Py (63)

ref *
The aerodynamic loads are calculated (at the very first iteration
Uslepliter(n—l) — UO) as

L gi{ls)\iteril — )\LrefCUSIepMmr(n_l) (64)

where A is the load factor, which is equal to 1 for the first load step, 2
for the second load step, and so forth. The internal forces F5P"“™ are

int
known from the previous iteration (if the very first iteration of the first
load step is considered, there are no internal forces because the

structure is initially assumed to be stress-free). So the unbalanced

tepAits
loads P, -7*"*" can be calculated:
Pslepkilern _ Pslep)» leep)»ilern Fstep)»ilern 65
unb =Py + Lgyg — Fint (65)
stepAitern

The structural tangent matrix K, is calculated by adding the
elastic stiffness matrix K" (calculated considering the
coordinates at the beginning of the nth iteration) and the
geometric-stiffness matrix K" In practice, it is convenient to
perform this operation at the element level and then assemble the
resulting matrix:

stepAitern __ grstephitern stepAitern
Kjephitem — psephitm et (66)

The structural tangent matrix is updated at each iteration of the
procedure. The term iteration used here refers to the repetitive
refinement of a nonlinear solution for an incremental load step. It
does notrefer to the process of increasing loads and dynamic pressure
incrementally.
The aerodynamic tangent matrix is calculated by
K3P = AL C (67)

Taero

Note that the aerodynamic tangent matrix is only load-step-
dependent, because the matrix C is constant. The matrix is constant
because of the linearity of the aerodynamic theory and the
assumption that linearized aerodynamic loads calculated on a
reference grid at the beginning of a load step will provide accurate
aerodynamic loads for the process of converging at a load increment
on the incremental-deformation solution. Because results are
presented here for which dynamic pressure is increased
incrementally, the procedure is valid when the flow can be
considered incompressible or when dynamic pressure is increased at
any other nonzero constant Mach number. If the Mach number is
changed and the hypothesis of incompressible flow is removed, then
the matrix C is not constant and it becomes load-step-dependent. In
fact, when the convergence of a particular load step is reached, the
load step is incremented by one and the dynamic pressure (and so the
speed) is incremented as well. This increase means a different Mach
number and so a different matrix C is calculated by the DL code. In
this paper, this is not the case, and all the results will assume
incompressible flow and constant aerodynamic matrix C calculated

once.

Now the tangent matrix Kf;i’;ﬁ'nlf ™ is built by adding the structural

and aerodynamic tangent matrices as follows:
Kstcp}»itcrn _ Kstcpkitcrn Kslcpk 68
tangent ~— BT + Taero ( )
The following linear system can now be solved, and the displacement
vector u¥PHe can be found:

stepAitern stepAitern __ psStephitern
Ktangent U - Punb (69)

Node-location coordinates are updated for the next iteration:

x stephiter(n+1) — xstcp)dtcrn + us{tcpkitcrn (70)

a

where uP"“™ is the vector that contains only the translational
degrees of freedom, and it is obtained from the vector of
displacements u**P**" by eliminating the rows corresponding to the
rotations. If the last iteration of the load step A has been performed,
then the left-hand side of the previous equation is x¥P+Dier! jngtead
of xstcpkitcr(n-%—l)'

Rigid-body motion is eliminated from elements according to the
Gal-Levy [47] procedure, and the pure elastic rotations and strains
are found. Using these quantities, the internal forces are updated for
the next iteration and therefore the vector F: P "1 js created. (In
the case in which the last iteration of load step A has been performed,
the term F{PH" "1 has to be replaced by FiPt+Dier!

The cumulative-displacement vector is updated next:

Ustepkitern — Ustepkiter(n—l) + ustep)»itern (71)

The procedure is repeated until a desired convergence tolerance is
reached.

IX. Steady Aeroelastic Case: Full-Order Structural
Model and Modally-Reduced-Order
Aerodynamic Model

A. Approximated Aerodynamic Tangent Matrix Obtained from the
Generalized Aerodynamic Tangent Matrix

Order reduction of the structural system by using a known set of
deformation-shape vectors (which can be, for example, the natural
modes of the structure or other sets of assigned shapes) is a major
challenge when geometrical nonlinearities are considered. For
example, in the joined-wing configuration, in-plane forces in the rear
wing and the inner section of the main wing are important in the
calculation of the geometric-stiffness matrix. A modal basis has to be
able to capture stress distributions as well as deformation shapes. The
fact that the nodes are moving and can move significantly also adds
difficulty. The conventional modal approach, so widespread in linear
aeroelasticity, does not work with joined wings. As a matter of fact, it
has already been shown that a basis built by adopting this procedure
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leads to poor results unless the basis is continuously updated, leading
to expensive computation [43]. Advanced procedures, such as the
use of modes and modal derivatives, improve the approximation, but
also tend to fail when joined wings are concerned.

The approach proposed in this paper is to use the full-order
structural matrices to capture the nonlinear structural behavior and a
modally reduced aerodynamic matrix calculated, for example, by
adopting a commercial code such as ZAERO or another package. In
this paper, a dedicated DLM code is used. When dynamic aeroelastic
cases are considered, the proposed approach is particularly attractive
because it allows the use of existing standard unsteady aerodynamic
codes.

Consider a set ¥ of Jt known shape vectors:

U=[® & & - By] (72)

Let A, be the generalized aerodynamic matrix calculated for the
steady case, and so k* =0, where k* is the reduced frequency
obtained by using a commercial code using the basis W. The matrix
A, has the dimensions R x R. The generalized aerodynamic
tangent matrix A is defined by multiplying .A,, by the fraction of the
aerodynamic pressure related to the current load step A. We use the
negative sign to have an expression on the LHS of the equilibrium
equation without negative signs:

3PV
N

A, =—)- Ay=-\-L A, (73)

step

Suppose we approximate the displacements of iteration » of load step
A by using the basis W and the vector g¥P**" of generalized
coordinates as follows:

stepAitern
1
stepAitern
2
stepAitern S i — stepAitern
u Step: ~ [(I)] ‘I)z <I)3 <I)ER] q;lep)ulern — \Ilq P.
stepAitern
q9
(74)

By applying the least-squares method (LSM), it is possible to express
the generalized displacements as functions of the full-order
displacements. But the finite element degrees of freedom include
nodal rotations, which are usually not used in the interpolation of
displacement and angle of attack over lifting surfaces for aeroelastic
applications. The least-squares approximation should focus on
matching the modal approximation to the full-order displaced shape
of lifting-surface panels. The relation of full-order displacements to
generalized displacements is represented by Eq. (74). Note that
wPAe includes the rotations. By eliminating the rows that
correspond to the rotations, the translational displacements uf}c"“m’
are found as

stepli .
u :;ep itern _ ‘I,dqstepkltern (75)

where ¥, contains only translational components of the 3 shape
vectors of the basis W. The dimension of ¥, is then 3N, x J:

stepAitern __ stephit T, stephitern __ T stephit
ud — ‘I’qu epAltern : ‘I’dud — ‘I’d\I’dq\ep iern (76)

tepAit _ T — 11T ,,Stepritern __ stepAitern
g = [, | = T (77

where
T,=[¥) ¥,]'¥ (78)

where T, is a matrix with the dimensions 3 x 3N,. Another
possibility is to perform the LSM fit only on the component of the
displacements perpendicular to the surfaces. In the case of the delta
wing of [22,23], the wing is contained in the x—y plane. Therefore,
the displacement perpendicular to the surfaces is the displacement .

So the LSM fit can be performed only on the translational
displacement u of all nodes. If this approach is chosen, the matrix T,
has the dimensions &t x N,, (instead of R x 3N,,), the matrix ¥, has
the dimensions N, x R (instead of 3N, x ), and the vector
u;‘epme”’ contains just N, elements (instead of 3N,,).

It is preferable to work with the vector u*®P*®™ instead of the
vector P Therefore, columns of zeros in correspondence to
the finite element nodal rotations (and the displacements u, and u, in
the case in which the LSM fitis performed on the component «_ only)
inmatrix T'; are added. T is defined as the matrix T', after the columns
are added. The dimensions of this matrix are it x 6N,. Considering
this new matrix, an equivalent writing of Eq. (77) that uses all degrees
of freedom (DOF) is as follows:

qstepkitem — Tustepkilem (79)
Now the generalized aerodynamic tangent matrix has to be converted
to correspond to the full-order structural model. This is achieved by
imposing work/energy conservation.
The generalized forces are [the negative sign is a consequence of
the negative sign used in Eq. (73)]
Q stephitern _Azqslepkilern — +)\ . LrefAOqstepliteriz (80)
The work done by the generalized aerodynamic forces is

SW = S[qstepkitern]T . Qstep)uitern (8 1)

The work done by the equivalent aerodynamic forces Ljsh™"

applied on the structural mesh is
SW = S[usephiem]T . Lyeper (82)
Using Eq. (79) and equating Eqs. (81) and (82), it is possible to write
5[usteplitern]T . LsLt;rthem — S[qslepkitern]T . Qstepmem (83)
From which it follows that
L sLt]e_IIékitern —7T. Qstepmem (84)
Using Egs. (79) and (80),

L i}:{ps)»ilern — +)\LrefTTA0qSteleem — +ALrefTTAOTuslepkiter)z
(85)

To keep the formalism used when the aerodynamic tangent matrix
was obtained using the doublet-lattice formulation, we indicate the
approximated aerodynamic tangent matrix with K" The

following definition is also made:
steph -
K;EeZZero =—A- LrefCZ (86)
where C is the approximated counterpart of the matrix C defined
earlier.

Equation (85) is then rewritten as [also see the analog Eq. (67) for
the full-order exact case]

L f]eflps)»item — _K;E;girou“ephlem — +)“Lrefczustep)\item (87)
Using Eq. (85), it can be deduced that

C,=+TTA,T (88)

where K% = —\LC, is the approximated aerodynamic

tangent matrix obtained by using the generalized aerodynamic
matrix A, calculated with the aerodynamic commercial code.
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X. Unsteady Case: Time-Domain Simulations with
Full-Order Structural Model and Reduced-Order
Aerodynamic Model

The Fourier transform of the unsteady aerodynamic force [60]
corresponding to the full-order structural finite element model is

Lunsteady(]w) 2/090‘/ Afull(]w) [x xo= 0](]&)) (89)

where x is the augmented-coordinate vector (that is, the vector of
nodal motions with rotational nodal motions zeroed out) and x*=° is
the vector of initial nodal coordinates corresponding to the condition
of a zero angle of attack on all aerodynamic boxes (rotational nodal
motions are removed as well). The difference x — x*=0 is a function
of jw because of the time dependence of nodal positions. For the
unsteady case, we use the same transformation from generalized
coordinates to full-order finite element coordinates as in the steady
case using the same transformation matrix 7. We have
A s (jo) =TT A(jo)T (90)
The matrix A(jw) generated by an unsteady aerodynamic linear
potential code is a nonrational function of the reduced frequency
= (wb/Vy): A= A(jk*). In the present DL code, the reduced
frequency was calculated based on a reference semichord of 1: thatis,
as k = o/ V... ARoger procedure [61,62] is used to obtain a rational
function approximation of the generalized unsteady loads. In
particular,

Niag

i
A (k) = A + (KA, + (kA + Z T

Recalling the definition of reduced frequency k* = wb/ V., defining
Bi = (V/b)B;, simplifying, and using analytical continuation to
expand from the imaginary axis to the Laplace domain adjacent to it
Jjw — s, itis possible to write the aerodynamic generalized matrix in
the Laplace domain, for which s is the Laplace variable:

= A (92)

As(s) = A0+S—A1+S Vz A2+Z iy

The aerodynamic-force vector in the Laplace domain is

1 b b2
L“"S‘Cady(s) = Epoo VgoTT |:A0 + STA] + 52 VTAQ

o]

Niag

+ ;i@ftw}m — #0(s) (93)

The following definitions are now introduced:
Ad =1p VZTTAGT; A; =1p bV, TTAT
Aj = 1o, 0*TT AT, As L =10 VETT AT - (94)
i=1,Ny

The unsteady aerodynamic forces in the Laplace domain can now be
expressed as

Niag
Lunsleady(s) = |:A + SA* + SZ.A* + Z +B A2+Ii|

i

x [ — £%=0](5) 95)

Using the inverse Laplace transform (ILT) [63] expressions in the
time domain can be obtained. We can write

LA [ - )] = A - F0
AT [ E N = A SEE0 o)
2
A [ - )] = A -

The previous equations are valid if at # = 0, displacements, speeds,
and accelerations are all zero. To transform the lag terms to the time
domain, convolution integrals are used [62]. Using the Dirac delta
function §(¢), the ILT of the term s/(s + B;) is

£ [L] = 8(0) = B P 97
s+ Bi
Then, by applying the convolution theorem, we have

£ [ AR f“=°1<s>} = [0
- ,Bie‘ﬂl("f)]AEH -[x — %% (r) dz (98)

or

© [H—ﬁ

— BIAEH /t[f - )E“=O](r)e"§'(”’) dr (99)
0

As, - [F - 5 °1<s>] A3, [F — 500

Using these inverse Laplace transform equations (96) and (99), the
unsteady aerodynamic loads in the time domain become

Lunsieaty (1) = A*[x¥ — x*=°)(1) + A7 - [x =0(r) + A3
d2 Nug ’ ]
.@[JE — 7=0)(¢) — ; BiAsL A [E — #=0)(z)e~ P dr
(100)
where
Niag
A*iAS—FZA;H (101)

i=1

As for the steady case, in general, U # x — x*=". But because
structural rotational motions at nodes do not affect the unsteady
aerodynamic loads in our formulation (slopes obtained from
interpolated deformation shapes do), it is possible to replace the
quantity X — x*=° with the cumulative-displacement vector U. The
following definitions are now introduced:

T - d[U(t)] . 1yy dz[U(t)]
v= dr v= de? (102)

U(t)='U
tLLmsteady = Lunsteady (Z)

The time-domain aerodynamic forces will have the expression [see
Eq. (100)]

Lipsieaty = A* U+ A} -'U+ A3 - 'U
Niag _ ” ~
=Y By, f Ue—Fi-0 dr (103)
i=1 0

The expression of the aerodynamic loads [Eq. (103)] also covers the
steady case [Eq. (56)]: to demonstrate that, consider Eq. (103). In the
steady case, there is no time dependency and no contributions of
aerodynamic-lag terms. Aerodynamic pressure loads are applied
gradually and load steps are required. The steady counterpart of
Eq. (103) is therefore

L ztip)\ilem — Aastepk . Ustep)\itern (104)
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The definition of the matrix ASSthA is [see Eq. (94)]

wste Al
AP = N5 P VAT AT = AL T" AgT (105)
step

Using Eq. (88),
AP = ALy (106)
Substitution of this result into Eq. (104) leads to
L _ g, gsiephiemn (107)

which is the approximated counterpart of Eq. (56). The procedure
used here to approximate the unsteady aerodynamic loads thus leads
to the procedure used to approximate the aerodynamic loads in the
steady case and is consistent with it.

XI. Newmark’s Method

Newmark’s method [38] can be expressed using the following
equations (At is the time step):

A =0 4 [(1—8) U + 8 T Ar (108)

HAMY = U+ UAt+ [ — ) 'U+a™M01A2 (109)

Then

.. 1 1 . 1 ..
MY = —— (MU -'0) ——="U—-|=—1)'U (110
aAtr? ( ) aAt 20 (110)
The values § = % anda = % are used here. In this case, the symbol §
does not represent the Dirac delta function but a parameter used in
Newmark’s method. Define

1 ¢ 1 1
do= a(Ar)? N wAr = wAr = 2
8 At (6
a; =——1 (15:_(__2) as = At(1 —9)
o 2 \o
a; = 8At
(111)
Now acceleration and velocity vectors become
HAT = o (AU = 'U) — a,'U — a3’ U 112)
t+At['J=tU+a6tﬁ+a7t+AtU (113)

XII. Newmark’s Time-Integration Unsteady
Newton—-Raphson Method for the Case of
Mechanical Loads

The equation that has to be solved at each iteration is
M - r+Ar0n +Cp- H—Atl']n + r+ArK¥ LtHArn P — H»AIF(;’;II)

(114)

where U" and U" are the realizations of the acceleration and speed
vectors at time ¢ + At when iteration n is performed, and "*'u" is
the displacement vector (not known yet) that is calculated at iteration
n and referred to the previous iteration; that is, it is referred to the
coordinates at the beginning of iteration n. Considering the definition
of cumulative-displacement vector, it is clear that the cumulative-
displacement vector at time # + At, when iteration n is completed, is
the summation of the cumulative-displacement vector at time ¢ + At
at iteration (n — 1) and the displacement vector (not known yet) of
iteration n:

[+AtUn — t+AtU(n—l) + r+Arun (1 15)
Using Eq. (115), the acceleration and velocity vectors become

At — t+ALyn t+Atyn
Ur =720 +""%u

t+Aryy t+Aryy
+ U'l 1t U:,’d+a0’+A’u"

Aty t+ Aty
A _ 1+ ’Uﬁd+a7a0’+A’u”

(116)
where
1+A1U;zd — H—AIU(n—l)
A =0 + ag'U + a7ay ™20 — aya0'U — aqa,'U
— a7a3r0
H—Atﬁ:d = aOH»AtU(nil) - aO’U - azt['] - a3t0
(117)

This compact form has the advantage that the terms that multiply the
displacements of the current iterations are clearly separated. This is
important in the definition of the tangent matrix of the entire system
(the so-called effective tangent matrix). Substituting Eq. (116) into
Eq. (114),

t+Atymn t+At g
M -[THU + ag M ur] + Cp - [T U + azay M u]

+ ARG Ay = AP AT (118)
leading to
[*KG + aoM + a7a0Cp) - +ow" =+ Py,
M e A HA’Fi(:fl) (119)
or
[H—AtKrT{ + KST}:?m] LA — r+Ath + t+AtP§yn — AL p(n=1)
(120)
or
r+A1K¥eﬂ_ . H»Atun — t+AtP»esz _ t+AtF(n—1) (121)

where "t4/ K" . is the effective tangent matrix, K" °" is the dynamic
Teff Tayn

contribution (constant) to the effective tangent matrix, and =4/ P,

are the effective loads, including the dynamic effects "*2'Pj; . We
have
r+AtK:ff — H»AtK; + KsTy;j:‘em
STyd?f‘em = ayM + a;a,Cp
AP = TAP o + AP
AP, = =M TN — Cp T (122)

The iterative procedure of a more general case with motion-
dependent aerodynamic loads is explained next.

XIII. Newmark’s Time-Integration Unsteady
Newton—-Raphson Method with Unsteady Aerodynamics
Suppose that there are both unsteady nonaerodynamic and

aerodynamic loads. The equation that has to be solved at each
iteration is [also see Eq. (114)]

M- I+At0n + CD . t+AtUn + t+AtKSL L HHAyn
— H—A’Pext + t+Ar g n _ /+A1F.('l—|) (123)

unsteady int

where 41 L}, caqy 18 the nth realization of the aerodynamic loads at

time ¢ 4+ At. The explicit form of the loads is [see Eq. (103)]
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t+At g n
Lunsteady

=A*. t+ALgn + AT 'H~Atl']n + AE . t+At0n
Niag

- 1+ At _
Y ohs, [wreteeeg a2
i=1 0

A short discussion is in order regarding the time step. Considering
that Newmark’s method for time integration is implicit, the time step
can be relatively large. However, the aerodynamic-force models are
based on forces obtained in the frequency domain by using set of
modes and tabulated reduced frequencies. The maximum reduced
frequency used for the aerodynamic simulation in the frequency
domain and at which we can expect the Roger approximation to still
be accurate is

Wrnax b
Voo

* j—
kmax -

(125)

The maximum circular frequency, for which the generalized
aerodynamics model has meaning, is then

khax V.
_ max ’ oo 126
wmax b ( )

The associated frequency is

, knax V.
— max — max " oo 127
The associated period is therefore
1 27h
Tonin = — = (128)

Foax K Voo

To have a meaningful representation of the unsteady aerodynamic
forces, the time-step size should be smaller than T, to allow
capturing (in the time simulation) the highest frequency for which the
model is valid. For example, we could take
T
Ar=—"0— (129)

N, time step

where Nime qep = 1 is chosen by the user. We focus now on the
generic time step over the interval r < v < ¢t 4+ Ar.

To express the aerodynamic forces, we need to calculate the
integrals on the RHS of Eq. (124). In the formulation so far, the
integrals already involve the equilibrium solution at time 7 + Az and
this solution is not known. Moreover, the change over time of the
cumulative-displacement vector is also not known. To overcome
these issues, consider the generic integral ‘21, of the lag term i

t+ At =
A = [ (Ue-Fi+a-0) gp (130)
0

Because the time-step size is smaller than the minimum period of the
considered aerodynamic forces [see Eq. (129)], it is reasonable to
assume that the cumulative displacement at time ¢ + At (actually, its
approximation given by the nth iteration) and the cumulative
displacement at a time 7 (with the obvious conditiont < 7 <t 4 At
in the interval) are related by a linear relation. The following relation
can now be written (*U" is the nth realization of the quantity *U):

t+Atym __t gt -y
U-U_T -0 <r<iyar (131)
t+ At—t T—t
Using the definition
t+AtU;él - t+AzUlrltd 1y = r+ArU(n—l) —ty

we finally obtain

H—Atun I+A1U*n H—Atun t+AtU*n
U = nd _ t— nd ¢ iy
[ A A ]’ + [ At A 't ]

(132)

Based on Eq. (130), the following identity holds:

_ - t+At _
t+AtI[_ — e—ﬂ,Ar . rI’_ + e*ﬂ,(HAt) / rUeﬂ,-r dr (133)

t

The nth realization of the integral /1, of the generic lag term s [see
Eq. (133)]

_ _ 1+ At —
H»Atllr‘l — e—ﬂ,-At . tIi + e*ﬂ,‘([‘FAt)/ IUneﬂ,vr dt (134)
t

Equation (134) can be further developed if the cumulative-
displacement vector is approximated using Eq. (132) and leads to
simple integrals that can be obtained analytically. To calculate the
integral on the RHS for the function *U, we use its approximation in
the integration domain [see Eq. (132)]. After some algebra, the
following formula is reached:

H»Atl;l — H»Atl;:n + ”i:"" Ai (135)
where
_ t+Atyr*n
r+At1;n — Bt I+ T"dl\,- +'Uk;
_ _ ~ 136
- e—ﬁlAt + ﬂiAt_ 1 . 1— e—ﬁ;At ( )
T T
,31‘ ﬂi

All the terms needed to evaluate the unsteady aerodynamic-force
vector expressed in Eq. (124) are now available. Using Eq. (116), the
aerodynamic-force vector is written as

+At g n
L unsteady

Niag

- B A TAL + A + aja0 AT + agAj
i=1
Niag

— Zﬂi/\i * ]H—Atun (137)
i=1

t+Atyn t+At g
= A* . Hagn + AT+ AL TR

At 2+i

The final system of equations that has to be solved is similar to that
obtained for the pure mechanical case with no aerodynamics. We
have

t+At grn JtFAtn _ t+Atpn _ t+ AL p(n—1
Kl - A = rrApr F= (138)
where

First iteration generic load step

I<T<t+A In the interval
U t<T<t+At
a linear approximation
is used
l+L\lu|
rU\ /+AlU1
zUJHZ;i
T T
' At
AT = ;U+r+Arul
rUl_zU t+ArU1_ 'U 1+Atu1
—t At At

Fig. 4 Approximation used for the calculations of the integrals
containing the lag terms (first iteration of the generic load step).
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Second iteration generic load step
t<tT<t+At

In the interval
t<T<t+At
a linear approximation

is used
U r+/\tu2
HA’ul 1+A1U1 L+AIUZ
’UT‘{Z;z
PR S—— T
4 At

L+AIUZ:Y+AIUI+I+AIMZ: ,U+L+A/u1+/+muz

TUZ*’U: Mgy _
-t t+At—t At

/+AluI+I+Atu2

Fig. 5 Approximation used for the calculations of the integrals
containing the lag terms (second iteration of the generic load step).

t+At n __t+Atgn system system
Krey ="""K7 + Ky, © + K

Traero

system
Tt = agM + azaCp
Niag :3 A
system __ * * i *
K™ = —A* — aza9 At — agAj + E S i
t+Atpn  _ t+At t+At pn t+At pn
Peff - Pext + P + Paero (139)

t+Atpn t+Atyn t+At g
Py, =—M- Uy—Cp- UL

t+ Aty t+Atyn

trarpn = A* AR 4 A U+ A U

Niag

_ § Q *  1+Atyxn
ﬂi 240 Ii
i=1

Figures 4 and 5 show how the displacements are approximated in
time to calculate the lag term integrals. Note that the approximation is
more accurate if the size of the step used in the time integration is
small. It may be argued that if the time step is too small,
aerodynamics for reduced frequencies beyond the maximum
reduced frequency used in the calculation of the aerodynamic
generalized matrices are included. This is true in theory, but
numerical experiments shown in this paper demonstrate the
convergence when the time step is reduced. Filtering of any errors
due to high-frequency behavior is also due to the stability of the
Newmark method.

Cp is the full-order damping matrix. In this paper, a viscous
damping model is used as follows: the reference generalized
damping matrix is built considering a set of modes that are, in
general, not coincident with the basis used to define the acrodynamic
generalized matrices. Then the reference generalized damping
matrix is expanded to be of the same order as the generalized
aerodynamic matrices. This operation is done by considering (as a
new set of modes) the same modes used to define the generalized
aerodynamic matrices and the transformation matrix T and by
applying the least-squares method to move from one set of modes to
another. The generalized damping matrix is obtained in the same
modal coordinates as the generalized aerodynamic matrix. Finally,
the full-order damping matrix Cp, is obtained from the generalized
damping matrix by using a transformation similar to Eq. (90).

XIV. Newmark’s Method and Unsteady
Aerodynamics: Iterative Procedure

The preceding procedures can now be summarized.

A. Initial Calculations

For the initial calculations, the maximum size step is chosen by
using

Tmin _ 2mh
N, Tkt Voo Ny

time step ‘max time step

At =

(140)

where k. = Omab/ Vs is the maximum reduced frequency used
for the Roger fit, and Ny gep 1S @ number chosen by the user. If this
number is larger, the lag terms are more accurately calculated. CPU
time increases considerably, however, when Nypye gep 18 large. Next,
the following quantities are calculated:

1 8 1 1
W@ “Taar “Taar P T2
) At (6
a4—&_1 (15—7(&—2) aﬁ—Al(l—(S)
a7:8Al

(141)

where § =land o = 1.
The parameters used in the derivation of the aerodynamic

contribution are

Bi="ep  Ap=TERAEL g =il (142)

system

For calculation of the dynamic contribution K" ™ to the effective

tangent matrix (in the present formulation, thls contribution is
constant), we have

K7 = +agM + a7a,Cp (143)

The contribution to the tangent matrix due to the aerodynamic part is

N Iag

K" = —A* — a;a0 At — agAj + Z fA;H (144)

Taero

This contribution does not depend on the load step or iteration and it
is calculated once.

B. Time-Step Calculations

For the time-step calculations of the external loads "™/ P, using
the assigned temporal law, note that each time step defines a variation
of the parameters over the interval [f,f-+ Af]. Some auxiliary
quantities are calculated:

t+AtUnd — t+AtU(n—1)
ne

Aty 1y try — 152
AU ="U 4 ag'U + ayay U — a7a00'U — a,a,'U

- a7a3llj
H»Atljzd = aoH—AIU(n—l) — aotU — azt[.] — a3t0
r+AtU;Sz — t+AtUgd 1y = t+AtU(nfl) 1y
_ t+AtU
t+AII;~)L — e*ﬁ,At . tIi 4 —nd A7 nd A + U}\.

(145)

This operation is performed at each iteration. If the first iteration of
the current load step is considered, then the previous realization of
the cumulative displacement will be ‘*2/U"~D = '{J. If the very first
iteration is considered, then all the quantities are coincident with the
initial (if different from zero) values. For example, ‘U = °U; in this
particular case, it is also ‘I, = °I;, = 0, because the integrals are
performed over an interval that is zero.
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The loads are also calculated:

t+Atpn t+Atyn t+Atym
den =-M- Und - CD . Und

HAtpn . Ax . t+Atpm x| Aty x tHAtym
Paem =A*- Und + Al . Und + AZ : Und

Niag (146)
_ Z Bi ;Jr‘tJrAtIfn
i=1

t+Atpn  _ t+At t+At pn t+At pn
Pef[ - Pext + den + Paero

The external loads +2'P,,, change only when another time step is
considered. Regarding the calculation of the effective tangent matrix,

tHAtgn At n system system
K} = K; + KTdy“ + K5, (147)
The linear system is solved:
At gn | tHAn — t+Arpn 1AL pp(n=1)
K, - "ut =Py Fi, (148)

The displacements ‘+2u" are used to update the coordinates of the
nodes.

The cumulative-displacement vector is updated for the next
iteration:

t+ArUn — t+AtU(nfl) + t+Atun (149)

The internal forces ‘*2/F!  are calculated for the next iteration.
Another iteration is performed unless the convergence criteria is
satisfied. If so, the iterative process in the time step is considered
complete and the vectors are updated.

A = A — l+AlUnd + 1+Aryn
s

l+AlL'] — 1+AtUn — 1+A1Und + a7a0t+Atun
n

t+AtU — r+AtUn — ’*A’ﬁﬁd + a0z+Atun (150)

r+AtU 1y

HAL = AL e—Bidt I, + X
t

A, + U,

The process restarts with the updating of the time: r — t + At.
The updating of the integrals involving the lag terms in Eq. (150) is
derived as follows:

0.6a
e

Reference model

a=38lmm 4 ~ 238 h=1.6mm
v=0.45 E=3A3-103ﬁ“‘;Z

po = 1.225 107925

t+Atun _
t+AtI_ — r+ArIr_1 — [+A[Ig—n + A = e—ﬂ,-Ar s
1 1 1 At 1 1
r+ArUm H—Atun _
nd _B.
A, A, +'Ur, = e Pt 1.
+ Az i+ A i+ i=e ;
1+A1Un_rU _ t+ArU_tU
+TAI + tU}\.i - e*ﬁ,At'tIl_ +TAl
+ UM,

(151)

C. Initial Conditions

The unsteady aerodynamic forces in the time domain are given in
Eq. (103). If this formula is written for the initial instant = 0, the
integral of the lag terms is zero because the limits of the integral are
coincident, and so we have

* * O g * 0 7
0Lunsteady = ‘A ’ OU + Al U+ AZ U (152)
It is reasonable to assume that the speed of nodal motion (not the
aerodynamic speed V., which is different from zero) is zero:

U=0 (153)
The aerodynamic-force vector is then

oL AU+ A3 -0 (154)

unsteady =
The lag terms are still present in the aerodynamic stiffness matrix
A*. We next assume a perturbed initial configuration xP*"* (for
example, a configuration with a small angle of attack), and so it is
important that

xpert £ xo=0 (155)

Based on this assumption, we augment the vectors x**" and x*=° by
adding zeros in correspondence of the rotation degrees of freedom of
the structural nodes, and we get the vectors x*°* and x*=°,
respectively. The cumulative displacement at the initial instant is
according to the following formula:

0y = jpert — go=0 (156)

The aerodynamic loads are then partially known, and to find the
acceleration, we consider the equilibrium equation written at the
initial instant # = 0 and we consider that the nodal speeds are zero.
We then have [see Eq. (123)]

°F

M -°U="P, +°L (157)

unsteady int

Suppose now that the initial condition is stress-free. No internal

Structural mesh

Fig. 6 Test model 1: delta wing.
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forces are present therefore, and with the help of Eq. (154), we can
write

M -°U="P, + A" -U + A;-°U (158)
from which we can get the initial value for the acceleration:
U=M- A" [Py + AU (159)

With this formulation, even in the case of absence of
nonaerodynamic loads (°P,,, = 0), we have nonzero accelerations.
The time-step procedure (Newmark and Newton—Raphson) can now
be started with the initial conditions (153), (156), and (159) and with
the initial coordinate vector xPr.

XV. Results

We consider steady and unsteady solutions using the proposed
procedure. It must be pointed out that the steady part has been deeply
revised and modified with respect to that presented in an earlier work
by the authors [44]. Therefore, new steady numerical evaluations are
reported here. As far as the steady simulation is concerned, the main
difference between the former and the new approach is that now only
a single aerodynamic matrix is used, whereas [44] three different
matrices were used in an early work. The two approaches are exactly
equivalent in the full-order case, in which aerodynamic matrices of
the order of the number of all aerodynamic boxes in the aerodynamic
model are used. But the formulations are not equivalent when the
aerodynamic matrix C defined earlier is approximated with the
procedure described in this paper. Two tests cases are selected for
validation and evaluation of the new approach.

A. Test Model 1 Planar Case: Delta Wing

Test model 1 is a delta wing [23,24] for which both numerical and
experimental results are available. Data for the mathematical model
are as follows: 16 wing segments; 318 structural nodes, 552
structural (triangular) elements, 252 aerodynamic panels, 17 terms
for Ueda’s formulas used to generate the unsteady-kernel-function
approximation for the doublet-lattice method, and M = 0.

Reduced frequencies (defined as k* = wb/V,,, where b is the
half-root chord) used to generate a Roger model are 0, 0.02, 0.05, 0.1,
0.2,0.3,0.4,0.5,0.6,0.7,0.75, 0.8, 0.85,0.9,0.95, 1, 1.2, 1.4, 1.6,
1.8, and 2. The selected lag terms are 8, = 0.25, 8, = 0.5, 3 = 0.9,
Bs=15,5=1.7, and Bs =2.0. The geometry of the wing is
shown in Fig. 6.

B. Test Model 2 Nonplanar Case: A Joined-Wing Configuration

For the second test case, a new configuration is created by adding a
rear wing and attachment structure to the delta wing (see Fig. 7) to
create a joined wing. No practical implementation of such a
configuration is implied here. It is designed for studying the resulting

16

a =38lmm ¢ ~ 238 h=1.6mm
v =0.45 E=33-10-2
pe = 1.225 - 1075

C=cantilevered

Fig. 7 Test model 2: joined-wing model derived from the delta wing.

Table 1 Delta-wing linear flutter speed and frequency comparison
against MD Nastran

Flutter speed, m/s  Flutter frequency, Hz

Present ({; = 0) 21.77 15.21
Present (¢; = 0.01) 22.70 14.67
Present MD Nastran ({; = 0) 21.76 15.32

aeroelastic behavior of a wing already known to be structurally
nonlinear.

Data for the mathematical model (the joined wing) are as follows:
18 wing segments; 518 structural nodes, 872 structural (triangular)
elements, 696 aerodynamic panels, 25 terms for Ueda’s formulas
used to generate the unsteady-kernel-function approximation for the
doublet-lattice method, and M = 0.

Reduced frequencies used to generate a Roger model and lag terms
are those used for the delta wing (test model 1).

C. Test Model 1 Linear Flutter Results: Comparison Against
MD Nastran

The comparison shows excellent correlation (see Table 1). The
p-k method was used in MD Nastran, whereas in the present
capability the flutter speed, is calculated by using the root locus
procedure based on a linear time-invariant state-space model.
Twenty modes were used to calculate the generalized matrices.
Viscous damping ratios are indicated with ;, and the number of
modes used to define reference generalized damping matrix is 20.

D. Test Model 1 Nonlinear Static Deflection with Full-Order
Aerodynamic Matrices

Both the doublet-lattice method and the vortex-lattice method
have yielded the same numerical results, demonstrating the good
steady performances of the present doublet-lattice formulation. This
is accordance with the literature [13,37], in which the correlation
between DLM and VLM is very good with a similar approach. The
correlation against nonlinear steady results® is very good. In
particular, for a speed of 21 m/s and o =1 deg=m/180, the
reference value® for the nondimensional tip displacement u,/h is
8.80, whereas the present capability gives u./h = 8.07.

E. Test Model 1 Steady Case: Full-Order Structure and
Reduced-Order Aerodynamics

Four different methods are used:

1) In method 1, the basis ¥ [see Eq. (72)] is built by using natural
modes. However, the lumped mass matrix used to calculate the
modes is modified by reducing the terms related to the u, and u, DOF
by 99%. With this reduction, the modes mainly have the out-of-plane
components, and the basis is more tailored to approximate the out-of-
plane displacement u_. The least-squares method is performed only
on the component u_. For general 3-D configurations, the out-of-
plane component is not generally u..

2) In method 2, the basis W is built by using natural modes. The
mass matrix is not modified. The LSM is performed only on
component u,.

3) In method 3, the basis W is built by using natural modes and the
mass matrix is modified as in method 1. The LSM is performed on all
the translational displacements u,, u,, and u_.

4) In method 4, the basis W is built by using natural modes and the
mass matrix is not modified, as in method 2. The LSM is performed
on all the translational displacements u,, u,, and u,. This is the
method used for most general 3-D configurations.

The effect of the different methods is reported in Table 2. Itis clear
that no significant difference is found when the different methods
are used.

To model cases in which the wing is placed initially at arigid angle
of attack or with some initial shape, the modal basis ¥ is modified by
replacing the last mode (last column in the matrix) by the initial

$Private communication with P. J. Attar, 13 March 2005.



86 DEMASI AND LIVNE

Table 2 Delta-wing tip displacement #, in millimeters. Full-order and
approximated (10 modes) cases. Comparison between the different
methods used in the construction of the approximated aerodynamic

matrix. The DLM was used. The last mode is replaced by the quantity

xPert — x*=0_ The excessive number of digits is used for clarity.

A V,m/s Fullorder Method1 Method2 Method3 Method 4

5 8.57 2.7228 2.7218 2.7218 2.7218 2.7220
10 12.12 5.2197 5.2190 5.2190 5.2190 5.2195
15 14.85 7.4768 7.4770 7.4770 7.4770 74777
20 17.15 9.4994 9.5007 9.5007 9.5008 9.5015
25 1917 11.3045 11.3071 11.3071 11.3071 11.3079
30 21.00 129147 12.9182 12.9182 12.9182 12.9190

shape. That is, the last mode is replaced by the difference
xPet — x2=0_ The reference shape (the shape with no angle of attack
of aerodynamic boxes) has to be subtracted because the modal base
has to represent motion that is a perturbation with respect to the
reference shape. The cases presented here for the delta wing involve
the condition of a rigid angle of attack equal to 1 deg. The VLM
(modified to be consistent with the DLM, and so the reference
configuration has no angle of attack on aerodynamic boxes) and
DLM do not show numerical differences. In all cases, the results are
practically coincident.

If the last mode of the basis used to build the transformation matrix
(adopted to convert the reduced-order aeromatrix to the full-order
matrix) is replaced by the quantity XP** — ¥*=°, the improvement is
significant. With just three modes, the displacements are very well
captured. There is no practical numerical difference between the
4 methods used to build the transformation matrix. If the basis of
modes is not modified (i.e., the last mode is not replaced with the
quantity X — ¥*=0), then the convergence is very slow (results are
omitted for brevity). This is not surprising, because a set of
cantilevered modes cannot capture a rigid-body pitch motion well. If
the basis is modified with just 5 modes, then the convergence is
excellent (Fig. 8).

F. Test Model 1: Nonlinear Transient Analysis
(Pure Structural Case)

The case presented here covers structural nonlinearity and
concentrated applied loads applied at once and kept constant in time.
The loads are applied at the tip of the wing. The correlation with
Nastran is excellent (see Fig. 9). The time integration is carried out by
using Newmark’s method [58].

G. Test Model 1: Nonlinear Transient Analysis with Aerodynamic
Effects Included

In Fig. 10, the results of simulations with three different values of
Niime step are presented. Itis clear that with Nyye gep > 8, convergence

18 . ; ; . :
u-[mm)
16 —e— Full order
—— 1 mode

—e— 2 modes E
—a— 3 modes

The last mode is
14} replaced by the
initial shape

12+ —a— 4 modes )
- --- 5modes
10+ e
8t 2 1
L= Ny ()
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6L |
Voo = 212
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Fig. 8 Effect of the number of modes on the delta-wing full-order
structure and reduced aerodynamic model; method 1 is used.

7 T ; T T T r

u-\mm
<lmm] --- NASTRAN | [/
6 —eo— Present I T
i
51 ] ]
]
4 L
3k
I
i
2t i
I 5 concentrated
\ tip loads P;
1L P; P = 10@ i
4
timel[s]
0 L L L L L L
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Fig. 9 Comparison with Nastran for out-of-plane tip displacement u,
(nonlinear transient analysis).

is reached and the aerodynamic forces are well-calculated. Note that
the transformation matrix used to calculate the full-order
aerodynamic matrices is calculated using method 1: the mass matrix
is modified and the LSM is performed on the u,_ displacement. In the
steady case, we have demonstrated that there is not much difference
between the 4 methods (see Table 2). For the cantilevered-wing cases
presented here, it is crucial to replace the last modal shape of the
modes used in the aerodynamic approximation by using the
perturbed shape (in this case, the shape corresponding to a rigid
pitching rotation of « = 1 deg). It also should be noted that the flight
speed is for the case of {; = 0.01 and V,, = 21 m/s. This speed is
smaller than the linear flutter speed corresponding to the same
damping ratio. Therefore, it is not surprising that the oscillations in
Fig. 10 are damped.

The speed considered is applied all at once as a step input. The
reference damping matrix is obtained by assigning viscous damping
ratios to 20 natural modes (with no modified mass matrix). Using the
LSM, a transformation is then carried out between these modes and
50 modes for which the generalized aerodynamic matrices are built.
We will demonstrate later that for this case, only 5-10 modes are
sufficient to well approximate the aerodynamics. The 50 modes used
are built by using a modified mass matrix (method 1). The last modal
shape is replaced with the quantity P — ¥%=0, as for the steady
case. The same 50 shapes are also used to build the transformation
matrix from reduced modal order to full order. Method 1 is used and
the LSM is performed on the component u_. The damping matrix
will subsequently be expanded to full order using the same
transformation matrix used to expand the aerodynamic generalized

u:[mm]
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”@\/\A A/}"\\/’X\.

x

Steady value (DLM or VLM)
Unsteady with Niime siep = 4
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time][s] ]

0 . . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Fig. 10 Effect of the parameter Ny scp On the delta-wing transient
response (V. =21 m/s). Aerodynamic generalized matrices are
approximated using 50 modes and 6 lag terms. Method 1 is used and
the last mode adopted for the aerodynamics is replaced with the shape
corresponding to « =1 deg. The reference damping matrix is defined
using 20 modes; ¢; = 0.01.
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Fig. 11 Effect of the parameter Ny;y. sp 0N the delta-wing postflutter
response (V. =27 m/s). Aerodynamic generalized matrices are
approximated using 50 modes and 6 lag terms. The reference damping
matrix is defined using 20 modes; ¢; = 0.05.

matrices. In the formulation here, the transformation matrix and the
generalized matrices are calculated using the same modes, which
can be modified according to the 4 methods explained in the
steady case.

A postflutter case is analyzed in Fig. 11. The transformation
matrices and other parameters are the same as those used in the
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Fig. 12 Delta-wing postflutter LCO (tip displacement) (V,, = 27 m/s).
Comparison of the results for aerodynamics approximated using 2, 3,
and 5 modes and 6 lag terms. The reference damping matrix is defined
using 2, 3, and 5 modes. Method 1 is used and the last mode adopted for
the aerodynamics is replaced with the shape corresponding to
o =1 deg; ¢; =0.03.
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Fig. 13 Delta-wing postflutter LCO (tip displacement) (V,, = 27 m/s).
Comparison of the results for aerodynamics approximated using 5, 10,
20, and 50 modes and 6 lag terms. The reference damping matrix is
defined using 5, 10, 20, and 20 modes. Method 1 is used and the last mode
adopted for the aerodynamics is replaced with the shape corresponding
toax =1 deg.

Fig. 14 Delta-wing postflutter LCO (tip displacement) (V,, = 28 and
26 m/s). Aerodynamic generalized matrices are approximated using
20 modes and 6 lag terms. The reference damping matrix is defined using
20 modes. Method 1 is used and the last mode adopted for the
aerodynamics is replaced with the shape corresponding to « =1 deg.

derivation of Fig. 10. Again, it is demonstrated that Np ¢, = 8 or
higher is sufficient to integrate the unsteady aerodynamic forces
accurately. The wing responds in a limit cycle oscillation. The
calculated LCO frequency (14.92 Hz) is in excellent agreement with
Fig. 11 of [24]. The experimental value [24] of the LCO frequency is
about 14.5 Hz. Because the damping coefficient has significant
influence, and because it is not clear from [24] what damping
coefficients were used, other tests to study the effect of changing the
damping coefficient were needed. It was found that a value of
¢; = 0.03 led to good correlation with the experimental results.

The modal convergence of the approximation (tip displacement) is
demonstrated in Figs. 12 and 13. With 5 modes, the convergence is
practically achieved, as was demonstrated for the steady case
(Fig. 8). It is important to consider other speeds and see the effect on
the LCO amplitude and frequency. In Fig. 14, the LCO is plotted for
the speeds V,, = 28 and 26 m/s. It is then necessary to verify if the
nonlinear flutter speed and frequency are well correlated with the
wind-tunnel results. For this flutter calculation, the modes used were
not the same as those used to build the transformation matrix. In fact,
in the generation of the transformation matrix, the modes are
calculated using method 1 and the last shape is replaced by the
quantity x** — x*=°, The modes used in the flutter analysis are just
the natural modes obtained without modification of the mass matrix
and without replacing the last modal shape. With the assumption of
£ =0.03, the linear flutter speed is Vi"* =23.70 m/s and the
corresponding flutter frequency is finea = 14.01 Hz.

We now introduce the concept of consistent flutter speed and
clarify what this terminology means. The linear flutter speed Vi is
calculated considering a basis of shapes (the modes in this paper).
The modes are calculated by using the linear stiffness matrix of the

Ve = 21mls

u-[mm)

0 0 5 fO 1‘5 2‘0 2‘5 30
Fig. 15 Joined-wing and delta-wing with tip displacement
[P = (a,15/16a,0) and « =1 deg] and full-order analysis for both

structure and aerodynamics.



88 DEMASI AND LIVNE

unloaded structure at the reference configuration with no angle
of attack.

The consistent flutter speed VEoisent is not the linear flutter speed.
It is calculated as follows: a flow speed V., which is a candidate
flutter speed, is assumed. Then the full-order static aeroelastic
analysis, as earlier introduced, is performed. A deformed
configuration will be the one corresponding to the nonlinear static
equilibrium at the assumed flow speed V. At this point, the tangent
matrix relative to this configuration is calculated and used to find the
tangent modes. These tangent modes are now the shapes used for a
linear flutter analysis, done as for the linear case. The used shapes in
this case are relative to the deformed configuration. The flutter speed
calculated with this method is called V},, which is generally smaller
than V if this speed was assumed to be sufficiently small. At this
point, the procedure is repeated [64] by increasing the flutter-speed
candidate.

Let V), be the new flutter-speed candidate. The new linearized
flutter speed is found, determined using the modes of the static-
equilibrium configuration at V. If this flutter speed V; is not equal
to the flutter-speed candidate V7, we repeat the procedure by
increasing the candidate flutter speed. If, instead, V} = V_, then the
consistent flutter speed is found: VEonsistent — v — v Therefore,
the consistent flutter speed we use is defined as the speed at which the
linearized structure about a steady equilibrium point loses stability at
that point. That is, linearized generalized mass and stiffness matrices
and mode shapes about this speed lead to the same speed as the linear
flutter speed predicted by linear flutter analysis.

In the results presented here, with {; = 0.03 and 20 modes used for
both the damping (the damping matrix is updated at the equilibrium
configuration by calculating the tangent modes and using LSM) and
aerodynamic generalized matrices, we have V¢msisent =24 5 m/s
and fsmsisent = 14,5 Hz, which are exactly coincident with the
experimental data in [24].

It can be concluded that the viscous damping ; = 0.03 gives the
best overall correlation with experimental results from the literature
(flutter speed and frequency and LCO amplitude and frequency).

H. Delta Wing and the Corresponding Joined Wing: Full-Order
Static and Linear Flutter Analyses

The effect on the static deflection of a tip point for the same speed
V. is shown in Fig. 15. The joined wing is stiffer than the
corresponding separate delta wing. The linear flutter speed of this
particular joined-wing configuration is considerably higher than that
of the separate delta wing. In comparison with the delta wing (with
flutter speed of 21.77 m/s and frequency of 15.21 Hz), the joined
delta wing has a flutter speed of 32.98 m/s and a frequency of
13.52 Hz. It is assumed that {; = 0.0. These results are in excellent
correlation with MD Nastran results. The convergence study of the
linear flutter speed and frequency is reported in Table 3.

I. Test Model 2 Linear and Nonlinear Divergence Speeds

Linear divergence speed can be calculated by considering the
unstable pole with zero reduced frequency in the p-k method (MD
Nastran). It can also be calculated by solving an eigenvalue problem
[65]. The p-k method (MD Nastran, 30 modes) gives
Vp = 78.38 m/s, and the solution of an eigenvalue problem (MD
Nastran) gives V, = 78.41 m/s. Thus, no significant difference of
the two methods is found.

Table 3 Joined-wing linear flutter speed and frequency convergence
study with MD Nastran (in all cases, {; = 0)

Number of modes Flutter speed, m/s Flutter frequency, Hz

5 33.36 13.17
10 33.11 13.25
15 33.07 13.22
20 33.25 13.47
30 33.01 13.52
50 33.02 13.52

uz[mm] Last converged configuration (A = 95)
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Fig. 16 Joined-wing nonlinear divergence speed calculation with full-
order analysis for both structure and aerodynamics.

The divergence speed V, can be properly calculated using a static
nonlinear analysis as follows: the speed V, and the number of load
steps N, are arbitrarily chosen. V,, should be higher than the
predicted possible divergence speed: V., > Vp; if it is not, no
divergence speed will be found and so the speed has to be increased
accordingly.

Once the parameters V,, and Ny, are set, the Newton—-Raphson
procedure is applied as described in Sec. VIII. The divergence speed
is the speed at which the aeroelastic tangent matrix [Eq. (68)]

becomes singular. If Ap, is the load factor at which the aeroelastic

. tepAits . .
tangent matrix Kphe," becomes singular, the corresponding

divergence speed can be estimated as follows:

1 2
7poovoc 1 )\D
MpEZ 2= ViV, =V, (160)
P Nap 2777 TP T IRVNG,

The estimated divergence speed can be refined if the nonlinear
analysis is performed with a new speed V, close to the divergence
speed estimated using Eq. (160).

In the present case, V,, =90m/s and N, =100. The
singularity of the aeroelastic tangent matrix was found at
A = Ap = 68. From Eq. (160), the first estimation of the divergence
speed was then calculated and it was found to be V;, = 74.22 m/s.
The calculation was then refined by setting V,, =75 m/s and
Ngep = 100. For that case, A, =96 was obtained. The

_ 15 100
P =a,y5a, 5574

Z a = 38lmm

= Steady value (DLM or VLM)
—— Unsteady With Niimesep = 4
oL —A— Unsteady with Niimesiep = 8
—@— Unsteady with Nimesiep = 12

time][s]

' 05 o1 o5 02 o3 03 035 04 0
Fig. 17 Effect of the parameter Ny;y,c step 0N the joined-wing transient
response. Aerodynamic generalized matrices are approximated using
30 modes and 6 lag terms. The reference damping matrix is defined using
30 modes. Method 4 is used and the last mode adopted for the
aerodynamics is replaced with the shape corresponding to « =1 deg.
With this damping, the linear flutter speed is Vii"¢ar = 33.68 m /s and the
linear flutter frequency is fi"*a" =13.06 Hz. The linear flutter is
calculated with the present capability using 20 modes.
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corresponding refined estimation of the divergence speed was then
Vp = 73.48 m/s [see Eq. (160)]. It can be concluded that this value
is about 6% smaller than the linear divergence speed calculated using
MD Nastran. Considering that the present calculation included the
structural nonlinearity and so the actual stiffness, the nonlinear
divergence speed is more likely to be the actual speed at which the
static instability occurs. An experimental analysis should then be
performed to validate the calculations. Also, more advanced
techniques such as arc-length methods should be introduced to deal
with limit points in a more efficient way.

The curve displacement vs load factor (and speed) is shown in
Fig. 16 for two points on the rear wing.

J. Test Model 2 Nonlinear Transient Analysis of the Joined-Wing,
Aerodynamic Effects Included

The time-domain simulation is performed for a speed smaller than
the flutter and divergence speeds. In particular, V,, =21 m/s is
considered. As for the delta wing, the convergence is reached with
Niime step > 4 and the aerodynamic forces are well calculated (see
Fig. 17). Also, the convergence to the steady solution is clearly
evident. After 0.5 s, the steady value is, in fact, reached. The basis ¥
is built by using natural modes and the LSM is performed on all the
translational displacements u,, u,, and u, (method 4). As for the case
of the delta wing, the modal basis ¥ is modified by replacing the last
mode with the initial shape.

XVI. Conclusions

A method for integrating generalized aerodynamic matrices is
presented, obtained by standard linear unsteady aerodynamic codes
for a modal base in the frequency domain, with full-order nonlinear
structural finite element models. Consistency of formulation and
results between the steady aeroelastic and unsteady aeroelastic cases
is demonstrated. The idea is to use least-squares interpolation to
create transformation matrices that allow (based on equivalent-work
principles) expansion of modally reduced models to full-order finite
element size. Full-order finite element analysis for general nonlinear
structures capture their behavior well without the accuracy
difficulties encountered by nonlinear structural modal approaches.
The combination of full-order nonlinear finite element analysis with
frequency-domain linear unsteady aerodynamics allows expansion
into the nonlinear structural dynamics domain of methods that have
been used successfully for years in the analysis, design, and
clearance of practically all advanced aircraft flying today. Accuracy
and consistency of the new formulation are demonstrated using a
delta wing for which nonlinear numerical and experimental results
are available.

The method presented here is general and capable of analyzing
complex nonplanar structurally nonlinear configurations such as the
joined-wing configurations.
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